In this article we perform a second order perturbation analysis of the gravitational metric theory of gravity f (χ) = χ 3/2 developed by Bernal et al. [3]. We show that the theory is capable to account exactly for two observational facts: (1) the phenomenology of flattened rotation curves through the Tully-Fisher relation observed in spiral galaxies, and (2) the details of observations of gravitational lensing in galaxies and groups of galaxies, without the need of any dark matter. We show how all dynamical observations on flat rotation curves and gravitational lensing can be synthesised in terms of the empirically required metric coefficients of any metric theory of gravity. We construct the corresponding metric components for the theory presented at second order in perturbation, which are shown to be perfectly compatible with the empirically derived ones. It is also shown that, in order to obtain a complete full agreement with the observational results, a specific signature of Riemann's tensor has to be chosen. This signature corresponds to the one most widely used nowadays in relativity theory. Also, a computational program, the MEXICAS (Metric EXtendedgravity Incorporated through a Computer Algebraic System) code, developed for its usage in the Computer Algebraic System (CAS) Maxima for working out perturbations on a metric theory of gravity is presented and made publicly available.
I. INTRODUCTION
When Einstein introduced his theory of general relativity, an astrophysical prediction for the motion of the planet Mercury (a massive particle) through its orbit was made [13] . The second step was to test general relativity through the deflection of light (massless particles) coming from stars appearing near the Sun's limb during a solar eclipse [12] . Both observations constituted the first coherent steps towards the solid foundation of general relativity, a theory capable of describing gravitation through a correct relativistic description.
In this sense, any metric theory of gravity must be compatible with both kinds of observations, the dynamical ones for massive particles and the observations of the deflection of light for massless particles. The correct approach is extensively described in the monograph by Will [44] where it is shown that when working with the weak field limit of a relativistic theory of gravity in a static spherically spacetime, the dynamics of massive particles determine the functional form of the time component of the metric, while the deflection of light determines the form of the radial one [see also 45 , and references therein].
To order of magnitude and through a first perturbation analysis, Bernal et al. [3] to recover flat rotation curves and the Tully-Fisher relation (i.e. a MONDian-like weak field limit) from a metric theory of gravity, which includes the mass of the system in the gravitational field's action. Such limit is of high astrophysical relevance at the scales of galaxies, where MOND accurately describes the rotation curves of spiral galaxies and the Tully-Fisher relation without the need of dark matter [see e.g. 14, 29] . In this article we show the strength of the calculations made by Bernal et al. [3] by doing an extensive analysis from perturbation theory for a static spherically symmetric metric and show that in the weak field limit our results are in perfect agreement not only with the Tully-Fisher relation, but are also in exact accordance with observations of gravitational lensing at a wide range of astrophysical scales. Extensions to Einstein's general theory of relativity have been proposed since the publication of the theory itself [see e.g. 36] . However, it has not been until recent times that observations at different mass and length scales have concluded that in order to keep Einstein's field equations valid, unknown dark matter and energy entities need to be added to the theory. In this article, an equally important approach is taken where the existence of these dark unknown entities is not required. We show the theory built by Bernal et al.
[3] to be in accordance not only with the very well established observations of the dynamics of massive particles through the Tully-Fisher relation, but also with the dynamics of massless particles through the bending of light as astrophysically observed.
Mendoza and Rosas-Guevara [28] and Rosas-Guevara [35] showed for the first time that metric theories of gravity are capable of producing more deflection of light that the one produced by Einstein's general relativity. This was done using the metric theory of gravity constructed by Sobouti [38] . The implications of this result invalidated the so called no-go theorem for metric f (R) theories of gravity proposed by Soussa [39] , Soussa and Woodard [40] . Furthermore, in the present work we show that it is possible to explain the observed gravitational lensing for galaxies, and groups of galaxies without the need of invoking dark matter. Developments by Capozziello 34] in weak and strong lensing regimes of extended metric theories of gravity have followed the work by Mendoza and RosasGuevara [28] but are not completely coherent with different astrophysical observations.
Testing any metric theory of gravity against observations can be cumbersome. From an action principle one must derive field equations, which in principle, have to be solved for e.g. in spherically symmetric spacetimes. The solutions to this lead to metric coefficients which in turn yield orbits for massive and massless particles, to be then compared against astrophysical observations. These last are varied and diverse e.g., centrifugal equilibrium orbits at a variety of radii, for systems having total masses spanning several orders of magnitude, and the observed shears and caustic positions of gravitational lensing observations. Fortunately, we have derived a much more direct and generic approach. First, dynamical observations regarding the amplitudes of galactic flat rotation curves satisfy a well known scaling with the fourth root of the total baryonic content: the Tully-Fisher relation. To second order in perturbations of the velocity measured in units of the speed of light, this can be shown to imply a definitive empirical form for the time component of any metric theory not requiring dark matter. Second, we show that all gravitational lensing observations on elliptical and spiral galaxies, as well as for groups of galaxies can be synthesised as the requirement for the same isothermal total matter distribution as needed to explain the observed spiral rotation curves and dynamics about elliptical galaxies, if one assumes Einstein's general relativity. This in turn, from studying directly the lens equation in general relativity, implies a bending angle which is independent of the impact parameter, and which scales with the square root of the total baryonic mass of a system. It can then be shown that this, in combination with the empirical time component mentioned above, leads to a definitive empirical form for the radial component, for any metric theory not requiring dark matter.
Thus, we synthesise all dynamical and gravitational lensing astrophysical observations at galactic and galaxy group scales, to second order in perturbation, into empirical time and radial metric components. It is through comparing the above to perturbed metric coefficients to the same order coming from the metric theory treated in this paper that we are able to show its full compatibility with all relevant dynamical and gravitational lensing astrophysical observations. The article is organised as follows. In section II the concept of weak field limit for a static spherically symmetric metric is established and we define the relevant orders of perturbation to be used throughout the article.
In section III we perturbe the vacuum field equations for the metric theory built by Bernal et al. [3] and show that for a point mass source they closely resemble the ones usually adopted in f (R) gravity in vacuum. However, these equations slightly differ under the approximations of the mass and length scales associated to galaxies and groups of galaxies -where gravity is expected to differ from Einstein's general relativity in the absence of any dark matter component. In section IV we obtain the solution for the Ricci scalar up to the second order from the perturbed field equations and discuss the importance of the signature in the Riemann tensor to yield the correct results. In section V we obtain the coefficients of the metric up to the second order in perturbation. In section VI we obtain the metric coefficients up to the second order in an empirical way, without reference to any specific metric theory of gravity, using the dynamical phenomenology of galaxies and groups of galaxies and the gravitational lensing produced by these objects. In that section we also compare the metric coefficients obtained in V with those empirically obtained and show full consistency. Finally in section VII we discuss our results.
II. THE WEAK FIELD LIMIT
An excellent account of perturbation theory applied to metric theories of gravity (in particular general relativity) can be found in the monograph written by Capozziello and Stabile [7] , Will [44] . In this section we define the relevant properties of the perturbation theory having in mind applications to the metric theory developed by Bernal et al. [3] .
Let us consider a fixed point mass M at the centre of coordinates generating a gravitational field. Under these considerations, the spacetime is static and its spherically symmetric metric g µν is generated by the interval
In the previous equation and in what follows, Einstein's summation convention over repeated indices is used. Greek indices take values 0, 1, 2, 3 and Latin ones 1, 2, 3. As such, in spherical coordinates (x 0 , x 1 , x 2 , x 3 ) = (ct, r, θ, ϕ), where c is the speed of light, t is the time coordinate, r the radial one, and θ and ϕ are the polar and azimuthal angles respectively. Also, the angular displacement dΩ 2 := dθ 2 + sin 2 θ dϕ 2 . Due to the symmetry of the problem, the unknown functions g 00 and g 11 are functions of the radial coordinate r only. We choose a (+, −, −, −) signature for the metric of the spacetime.
The radial component of the geodesic equations
for the metric (1) in the weak field limit, i.e. when the speed of light c → ∞, is given by
where the subscript ( ) ,r := ∂/∂r denotes the derivative with respect to the radial coordinate. In the above relation we have assumed that for the weak field limit ds = c dt and since the velocity v ≪ c then v i ≪ dx 0 /dt with v i := (dr/dt, rdθ/dt, r sin θdϕ/dt). In this limit, a particle bounded to a circular orbit about the mass M experiences a centrifugal radial acceleration given by:
for a circular or tangential velocity v.
When material particles are used as test particles in the weakest limit of the theory, the metric takes the form [see e.g. 24]:
for a Newtonian gravitational potential φ. For a particle on circular motion about the mass M in the weak field limit, the lowest order of the theory is obtained when the left-hand side of equation (3) is of order v 2 /c 2 and when the right-hand side is of order φ/c 2 . Both are just orders O(1/c 2 ) of the theory, or simply O(2). As such, when lower or higher order corrections of the theory are introduced we will use the notation O(n)
Having in mind further astrophysical applications (of motion of material particles and bending of lightmassless particles), we expand the metric g µν about a flat Minkowski metric η µν := diag(1, −1, −1, −1) up to the second order in time and radial position in such a way that
where the superscript (p) denotes the order O(p) at which a particular quantity is approximated. From equations (6) it follows that the contravariant metric components are given by
In fact, to the lowest order of perturbation, we need to find the time g
00 and radial g
11 metric components up to the second order to compare with the astrophysical observations of material particles and bending of light [44, 45] .
III. FIELD EQUATIONS
Bernal et al. [3] proposed an extended gravitational field's action in the metric approach given by:
for any arbitrary dimensionless function f (χ) of the dimensionless Ricci scalar:
where R is the standard Ricci scalar and
is a length scale with
with l M the mass-length scale of the system defined by [27] , and a 0 = 1.2 × 10 −10 m/s 2 Milgrom's acceleration constant [see e.g. 14, and references therein] and ζ is a coupling constant of order one which has to be calibrated through astrophysical observations. This f (χ) theory was constructed by the inclusion of a 0 as a fundamental physical constant, which has been shown to be of astrophysical and cosmological relevance [see e.g. 2, 3, 9, 18-20, 26, 27] .
Following the description of Bernal et al.
[3] the matter action takes its ordinary form:
with L m the Lagrangian matter density of the system. The null variation of the complete action, i.e.
Since we are interested in the field produced by a point mass M , then the right-hand side of equations (13), (15) and (18) are null and so the last relation in vacuum can be rewritten as:
As shown by Bernal et al.
[3], f (χ) = χ 3/2 yields the correct MONDian non-relativistic limit. However, for the sake of generality we will assume in what follows that the function f (χ) is of power-law form
In this case, relation (19) is equivalent to
to all orders of approximation for a power-law function of the Ricci scalar
Substitution of the power-law function (20) in the null variations of the gravitational field's action (8) in vacuum means that
and so
This equation gives the same field equations as the null variation of the action for a standard power-law metric f (R) theory (22) in vacuum. With this in mind, we can follow the standard perturbation analysis for f (R) restricted by the constraint equation (21) needed to yield the correct MOND-like limit. Since we are only interested in a power-law description of gravity far away from general relativity (cf. equation (16)), then in what follows we use the standard f (R) field equations for vacuum as described by Capozziello and Faraoni [6] for a powerlaw description of gravity given by equation (22) with b = 3/2, with the constraint (21) . To follow their notation, we write the field equations (13) in vacuum as
where the fourth-order terms are grouped into the following quantity:
The trace of equation (25) is thus given by
with
In what follows the sign convention used in the definition of the Riemann tensor becomes a relevant point in the subsequent discussion. As discussed in appendix A the solutions to the differential field equations of any f (R) theory of gravity greatly depend on the signature chosen for Riemann's tensor, a bifurcation which does not appear in Einstein's general relativity. Throughout the article we select a particular branch of solutions given by the nowadays almost standard definition of Riemann's tensor in equation (A3).
In dealing with some of the cumbersome algebraic manipulations that a perturbation to an f (R) theory of gravity presents, we have used the Computer Algebra System (CAS) Maxima to facilitate the computations. The MEXICAS (Metric EXtended-gravity Incorporated through a Computer Algebraic System) code (Copyright of T. Bernal, S. Mendoza and L.A. Torres and licensed with a GNU Public License Version 3) we wrote for this is described in appendix B and can be downloaded from: http://www.mendozza.org/sergio/mexicas. Further development on the treatment of the field equations by the MEXICAS code is described in appendix C.
For the case of a static spherically symmetric spacetime (1) it follows that
and
We note that since
00 − g
11 + O(4)
then, by using the fact that ln (
00,r − g
11,r + O(4) .
Since Ricci's scalar depends on the metric components and their derivatives up to the second order with respect to the coordinates, it follows it can only have a non-null second and higher perturbation orders, i.e.
The fact that R (0) = 0 is consistent with the flatness of spacetime assumption at the lowest zeroth order of perturbation. The expression for the second order component of Ricci's scalar from the metric components (6) is given by
11,r + g (2) 11
00,rr − 2 r g
00,r .
The global minus sign that appears on the right-hand side of equation (34) for Ricci's scalar R (2) at second perturbation order differs from that reported by Capozziello and Stabile [7] , Capozziello, Stabile, and Troisi [8] . As mentioned above, and discussed in appendix A, this fact occurs due to the choice of signs in the definition of Riemann's tensor. The particular choice used throughout the article is the one given by equation (A3) and so, our solutions lie in a different branch as the one reported by those authors.
IV. LOWEST ORDER SOLUTION
Let us now calculate the order of the trace equation (27) using relations (22) and (33) . On the one hand, the lowest order of the first two terms on the left-hand side of the trace equation is O(2b). On the other hand, direct inspection of the right-hand side of equation (30) results in the fact that the lowest order of H is O(2b − 2). Indeed, the last term of the right-hand side of this equation is ∝ f ′′′ g 11 R
2
,r and so, to lowest order of perturbation of relations (7) and (33), this means that H contains terms of the form
and so, H is of order O(2b − 2). This analysis indicates that to lowest order the trace equation to consider is
This result is consistent with relation (21) to lowest order of approximation and is in perfect agreement with the perturbative study performed by Bernal et al. [3] . Note also that this is the only independent equation at this order. Direct substitution of equations (22) and (33) into the last equation leads to
Substitution of expressions (7) and (32) in the previous equation leads to the following differential equation for Ricci's scalar at order O(2):
which can be written in a more suitable form as ln R
(2) ,r ,r
The solution of the previous equation is:
where A and B are constants of integration. Far away from the central mass, spacetime is flat and so Ricci's scalar must vanish at large distances from the origin. This means that the constant B = 0 and so
As explained by Bernal et al.
[3], the case b = 3/2 yields a MOND-like weak field limit and so, substituting b = 3/2 in relation (40) yields:
whereR := A 2 /4. This is exactly the same result as the one obtained by Bernal et al. [3] . As these authors have shown, this result yields a MONDian-like behaviour for the gravitational field in the limit r ≫ l M ≫ r g . For this particular case, the lowest order of approximation of the theory is O(1), which has a higher relevance as compared to the order O(2) of standard general relativity for which b = 1. Using very general arguments, the authors also showed that the constantR ∝ r g /l M is proportional to the square root of the mass of the central object. In order to calculateR from perturbation analysis we need to find the expressions for the metric at order O(2) of approximation.
Let us now solve the field equations at the next order O(2b) of approximation. At this order we expect the metric components g 11 and Ricci's scalar R (4) to play a relevant role in the description of the gravitational field. In fact, the field equations at this order are given by
where
The complete H (2b)
µν from equation (29) is written in appendix C. Now, from equation (21) it follows that the LaplaceBeltrami operator applied to f ′ (R) must be zero at all perturbation orders. In particular ∆f ′(2b) = 0. With this condition, the field equations (42) simplify greatly and can be written as
Direct substitution of the following Christoffel symbols
00,r ,
and relations (6) and (7) in the 00 component of equation (44) leads to
,r = 0.
(46) If we now substitute b = 3/2, expression (41) and the value of Ricci's tensor at O(2) of approximation:
into equation (46), we obtain the following differential equation for g
00 :
00,rr + 3rg
where k 1 and r ⋆ are constants of integration. By substitution of this result in equation (34) and using equation (41) we get the following differential equation for g
11 :
with solution:
11 (r) =
where k 2 is a constant of integration.
VI. METRIC COEFFICIENTS FROM ASTRONOMICAL OBSERVATIONS
In this section we derive the constraints that the well established astrophysical phenomenology of asymptotically flat galactic rotation curves satisfying the TullyFisher relation, and the cumulative gravitational lensing observations for elliptical and spiral galaxies and galaxy groups, imply for the metric coefficients for static, spherically symmetric spacetimes for any metric theory of gravity where dark matter is not required.
To begin with, let us take the radial component (3) of the geodesic equations (2) in the weakest limit of the theory. In this limit, the rotation curve for test particles bound to a circular orbit about a mass M with circular velocity v(r) given by equation (4) is
Except for the inner regions of spiral galaxies, v(r) can be well approximated by a constant which scales with the fourth root of the total baryonic mass M b of the spiral galaxy in question, as described by the Tully-Fisher empirical relation [see e.g. 14, 30]
In fact, it is from numerous observations of galactic rotation curves and total baryonic mass estimates, that the constant a 0 has been calibrated [see e.g. 14, and references therein].
We now substitute equations (6) and (7) to order O(2) of approximation and the relation (53) in equation (52) to obtain the following differential equation for g 
having as solution
00 (r) = 2
where r ⋆ is a scale radius which, from the point of view only of the flat rotation curves of galaxies and the TullyFisher relation, remains arbitrary. We therefore see that a necessary and sufficient condition in any metric relativistic theory of gravity, where all observational constraints of galactic rotation curves are satisfied without invoking dark matter, is that g
00 must satisfy the previous empirically derived relation.
Comparing the theoretical metric coefficient g
00 given by (49) (obtained from perturbation theory for f (χ) = χ 3/2 ) and the empirical one (55) (obtained from the phenomenology of flat rotation curves and the Tully-Fisher relation), give the following values for the integration constants needed in equation (49):
In this case, the gravitational potential φ from equation (5) takes the form:
which yields a radial MONDian acceleration:
Thus, in the v/c ≪ 1 limit, the f (χ) = χ 3/2 presented is seen to agree to the observed phenomenology of the observed galactic rotation curves in the absence of dark matter, as already shown by Bernal et al. [3] .
The g 11 metric coefficient will be obtained from gravitational lensing phenomenology. We begin from the general deviation angle equation [see e.g. 37, 43] 
where r i is the impact parameter of the problem. Over the last few years it has become clear that the complete phenomenology of gravitational lensing, at the level of extensive massive elliptical galaxies [see e.g. 1, 15, 23] , galaxy groups [see e.g. 32], clusters of galaxies [see e.g. 25, 33] and more recently spiral galaxies [see e.g. 11, 41] can be accurately modelled using total matter distributions having isothermal profiles, when treating the problem from the point of view of Einstein's general relativity. All these observations show that the dark matter halos needed to explain gravitational lensing under Einstein's general relativity obey the same Tully-Fisher scaling with total baryonic mass as the ones needed to explain the observed rotation curves of spiral galaxies. This means that for a given total baryonic mass, spiral and elliptical galaxies, as well as clusters and groups of galaxies require dark matter halos having the same physical properties to explain the observations; from kinematics of rotation curves in the former case to gravitational lensing in the latter one [11, 41] . Under Einstein's general relativity the majority of these isothermal matter distribution, particularly at large radii, must be composed of a hypothetical dark matter.
For a static spherically symmetric total matter distribution M T , since assuming the validity of Einstein's general relativity Schwarzschild's metric holds, and therefore g 00S = −1/g 11S , we get:
The subscript S identifies the coefficients of the Schwarzschild metric, and M T (r) = v 2 r/G refers to the hypothetical isothermal total matter distribution [cf. 4] needed to explain the observed lensing, when assuming general relativity. From this it follows that the dark matter hypothesis provides a self-consistent interpretation of observed phenomenology: the same dark matter halos, which are required to explain the observed rotation curves, have been solved for by analysing extensive lensing observations.
From equation (60) it follows that for isothermal total matter halos under Einstein's general relativity, the metric coefficient g 00S does not depend on the radial coordinate. We can see this by using the empirical Tully-Fisher relation (53) between the velocity and the total baryonic mass in the last identity above. Thus, the coefficient (60) can then be taken outside of the integral (59) of the deviation angle, where for the Schwarzschild metric and isothermal total matter halos we now obtain
The above radial integral yields π/2 and we obtain the observed bending angle as
(62) We see that the well established empirical result of lensing observations yielding isothermal total dark matter halos under the standard theory is strictly the observation of constant bending angles which do not depend on the impact parameter, scaling with the observed baryonic total masses as indicated above. Now, since (v/c) 2 is of order O(2) we can write equation (62) as
The above equation summarises all empirical results of gravitational lensing at galactic and galaxy group scales:
the bending angle does not depend on the impact parameter and scales with the square root of the total baryonic mass. This last equation gives a clear illustration of the link between the dynamics and the spacetime curvature effects induced by the presence of an observed baryonic mass.
We can now use the result of equation (63) to constrain the metric coefficient g 11 for any metric theory of gravity, seeking an accurate description of the observed gravitational lensing phenomena without the introduction of any hypothetical dark matter. To do this, let us return to the general lensing equation (59), and ask that the results obtained under the Schwarzschild metric with isothermal total matter halos match those under any metric theory of gravity, at all impact parameters and for any total baryonic masses:
at O(2) of approximation from equations (59) and (61). Let us rearrange integral (64) in such a way that:
Since the result must hold for all impact parameters, the integrand of the above equation must be equal to zero and so,
Taking again v/c ≪ 1 it follows that that the metric coefficient g 11 is given by:
(67) From a mathematical point of view, since the contribution to the integral in the lensing equation (59) is fully dominated by the region r ≈ r i , and given the very mild radial dependence of the empirical g 00 term, we can take g 00 (r i ) ≈ g 00 (r) in the above equation to yield:
Thus, any metric theory of gravity where g 11 matches the above expression in the regime where gravitational lenses are observed will accurately reproduce all the observed lensing phenomenology, with the total baryonic mass of the object in question (galaxies or group of galaxies), and no hypothetical dark matter is assumed to exist. Equations (55) and (68) give empirical mathematical relations for the metric coefficients at perturbation order O(2) which reproduce all observed rotation velocity and gravitational lensing phenomenology, without the inclusion of any dark matter component.
Notice that the mass dependence of the second term on the right-hand side in expression (68) for the metric coefficient g 11 is the same as the factor in expression (55) for g 00 . This last was obtained for a rigorously flat rotation curve in accordance with the Tully-Fisher relation. This shows that the ratio r g /l M of the two important characteristic lengths of the extended metric theory of gravity proposed by Bernal et al.
[3] is the determinant dimensionless measure of deviations from flat spacetime at galactic scales, exactly as expected from the dimensional analysis in Hernandez [17] The metric coefficient g 11 in equation (68) can be directly compared to the results for the f (χ) = χ 3/2 metric theory of Bernal et al.
[3] obtained in equation (51) with the inclusion of the results of equation (56). This means that the choice of the integration constant
makes these expressions for the metric component g 11 identical.
Use of the mathematical approximation A x ≈ 1+x ln A to write the following expressions for the full empirical metric coefficients gives:
We note that all the approximations used in this section introduce an error several orders of magnitude smaller than the intrinsic observational uncertainties in the empirical relations used. Therefore, all of the expressions given can be considered as strictly equivalent in regards to the accurate modelling of astrophysical rotation curves and gravitational lensing data.
VII. DISCUSSION
Through the use of the weak field limit of the metric f (χ) = χ 3/2 theory of gravity constructed by Bernal et al.
[3], we have shown that it is possible to explain both the dynamics of massive particles and the deflection of light by observed astronomical systems such as elliptical galaxies, spiral galaxies and groups of galaxies. Recently, the same metric theory of gravity was shown to be coherent also with the expansion dynamics of the observed universe [9, 26] . This is an expected result from a theory of gravity constructed through astronomical observations: it must be coherent at all scales. The regime of Einstein's general relativity is by no means violated, since the applications developed in this article (r ≫ l M ) lie far away from the mass and length scales associated to the ones of Einstein's general relativity (r ≪ l M ) [see e.g. 26] .
The results of this article were constructed using a static spherically symmetric metric with the time and radial components perturbed up to order O(2) of approximation. This work generalises the one of Bernal et al. [3] in which the radial metric component was assumed up to order O(0) only and so, information on the choice of signature of the Riemann tensor was lost (see appendix A). Such information is very important while working with fourth order metric theories of gravity.
We mention again the tremendous importance of a correct choice for the signature of the Riemann tensor as described in appendix A. The choice (A3), and only that choice, used in this article yields results in agreement with astronomical observations. In other words, astronomical observations fix the correct (and unique) choice of signature for Riemann's tensor. This is an important result, since otherwise solutions from the other branch appear which are not in accordance with astronomical observations. Table I summarises our main results. It is important to note that the empirical values of the metric components g 11 do not depend on any gravitational theory and as such, they represent functions that any successful theory of gravity (such as the one used in this article) needs to match.
An important fact arises from the usage of the f (χ) metric theory of gravity and not the f (R) formalism. Although closely related to each other, the correct dimensional approach f (χ) introduces mass and length scales that, as shown by Bernal et al.
[3], need to be incorporated into the gravitational field action. Although the field equations in vacuum for both f (χ) and f (R) under a power-law representation yield the same field equations (since the mass M generating the gravitational field is a constant), f (R) gravity is not capable of reproducing the crucial lensing observations as it lacks a crucial constraint equation. The gravitational theory f (χ) = χ 3/2 is able to do so since under this approach the correct limit where MONDian-like effects are expected yield the constraint equation (19) or (21) . Notice however that both f (R) and f (χ) with the appropriate choice of Riemann's tensor (A3) are able to reproduce the flat rotation curves of galaxies and the Tully-Fisher relation.
In an effort to generalise and look for a fundamental basis to an f (χ) theory of gravity, Carranza, Mendoza, and Torres [9] and Mendoza [26] have shown that these metric theories are equivalent to the the F (R, T ) construction of Harko et al. [16] . These authors have also shown that the particular theory f (χ) = χ 3/2 is in excel- 
00 and g
11 for a static spherical symmetric spacetime in scales of galaxies and galaxy groups obtained empirically from astronomical observations of these systems and the ones predicted by the metric f (χ) = χ 3/2 theory of gravity of Bernal et al. [3] . A good metric theory of gravity must be such that it converges to the inferred values presented in the table. The theory f (χ) = χ 3/2 is in perfect agreement with the observed metric components. The dimensionless ratio formed by the quotient of the gravitational radius rg to the mass-length scale lM (see equation (11)) is the determinant dimensionless quantity of the problem. Since the metric components determine the "gravitational potential" of the system, the length r⋆ is undetermined. However, since the natural length scale of the system is lM one can always asumme r⋆ = lM , which also ensures no sign change in the potential in equation (57) over the domain of applicability r > lM .
lent agreement with cosmological observations of SNIa.
An f (χ) theory of gravity satisfying the limits of equation (16) implies that gravity is no longer scale-invariant.
In fact, precise gravity tests have been performed only at strong regimes of Einstein's gravity, where χ ≫ 1, and so the involved accelerations of test particles are such that a ≫ a 0 [see e.g. 45] . In exactly the opposite regime, where χ ≪ 1, where the involved accelerations of test particles are such that a a 0 , gravity differs from Einstein's general relativity. The traditional approach of assuming Einstein's general relativity to be valid at all scales means that unknown dark entities are needed to explain various astrophysical observations. This article heavily reinforces many others [2, 3, 9, 18-20, 26, 27] that show how astrophysical and cosmological observations can be accounted for without assuming the existence of dark entities and extending gravity so as to be non scale-invariant. R α α . Since these are the most used definitions in relativity theory nowadays, we will refer to these quantities as "standard ".
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However, there is another way in which Riemann's tensor (and Ricci's tensor) can be defined, usually adopted by mathematicians and by Computer Algebra Systems (CAS) such as Maxima (http://maxima.sourceforge.net). In these cases, the syntaxis is such that [ The CAS Maxima uses the definition (A4) and is such that:
in free-index notation. As discussed in the Table of Sign Conventions of Misner, Thorne, and Wheeler [31] , general relativity can use any of the above definitions (and a few more) simply because of the linearity with which Ricci's scalar and Ricci's tensor appear in Einstein's field equations. This is however not the case in metric f (R) theories of gravity, since for example in those theories, the trace of the field equations is given by [see e.g. 6]:
To highlight the point, let us substitute the power-law function (22) in the previous equation to obtain:
This equation reflects a crucial fact about the choice of sign in Riemann's tensor. Due to the presence of the derivative term f ′ (R) = bR b−1 , depending on the sign convention of the definition of the Ricci scalar, there appears a sign factor (±) b−1 which is not global to all the terms in the equation. This establishes a bifurcation in this class of solutions of the theory. Indeed, for a situation where f (R) = R a + R b or any more complicated function of R, there is not (a priori) any indication of which convention in the definition of Riemann's tensor should be used to describe a particular physical phenomena. In this article we show that the convention can be settled through the use of astrophysical observations. For example, the results presented in this article were obtained with the standard definition of Riemann's tensor in equation (A3). That choice (and only that one) can account for both observed dynamics of massive particles in spiral galaxies through the Tully-Fisher relation, and for the deflection of light observed in gravitational lenses. An important aspect to point out is that the case f (R) = R of Einstein's general relativity is free from the above ambiguity. This is so because it is possible to redefine the signature for the energy-momentum tensor to recover the same field equations [see e.g. 21, 31] .
We see from this result that previous works by Capozziello and Stabile [7] , Capozziello, Stabile, and Troisi [8] have selected the convention used by the CAS Maxima in order to compute their results. In that respect, their results lie in another branch of the solutions of the field equations. If we would have taken for example, the definition of Riemann's tensor by Maxima, then the metric coefficients would have been: g tion (6). With these equations, it is simple to construct the contravariant components of the metric:
00 + O(4),
11 + O(4).
(B2)
With these considerations, the metric is recorded in the ctensor module. From this fact, it is simple to invoke all the quantities required to construct the field equations, either in general relativity or for any extended metric theory of gravity. For example, in a descriptive way concerning the syntaxis of maxima it follows that:
and with similar syntaxis for the Riemann tensor, the Ricci tensor and the Ricci scalar. Due to the fact that the metric has an order parameter ǫ, all the tensorial quantities involved in the construction of the field equations will gain this dependence. In the formalism of the code, it is a crucial fact to extract the perturbation order of every metric quantity to construct the field equations at the desired perturbation order. For example, for a generic quantity q calculated from the manipulation of the metric, if we consider that q (n) represents such quantity at order n, we have:
which reproduces the flat spacetime limit. For the second order we have
and consequently the fourth order is obtained by
Similarly, higher perturbation orders can be obtained by the obvious generalisation of the previous relation. In equations (B5) and (B6), it is implied that the first order quantities vanish, as is also the case for the Christoffel symbols. This computational procedure gives as an output a key result used in the article corresponding to Ricci's scalar at second perturbation order, given by equation (34) .
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,r R
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Dividing the field equations (42) by R (2)b−4 and using the trace (C1) and the last equation, a reduced expression for the field equations is found: 
,µ R
,ν R (4) = 0 ,
which can also be regarded as the traceless component of the field equations.
